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1 Introdution
• The lattie Boltzmann sheme is a numerial method for simulation of a wide family of
partial dierential equations assoiated with onservation laws of physis. The priniple is
to mimi at a disrete level the dynamis of the Boltzmann equation. In this paradigm, the
number f(x, t) dx dv of partiles at position x, time t and veloity v with an unertainty
of dx dv follows the Boltzmann partial dierential equation in the phase spae (see e.g.
Chapman and Cowling [7℄):
(1)
∂f
∂t
+ v•∇xf = Q(f) .
• Note that the left hand side is a simple advetion equation whose solution is trivial
through the method of harateristis:
(2) f(x, v, t) = f(x− vt, v, 0) if Q(f) ≡ 0 .
Remark also that the right hand side is a ollision operator, loal in spae and integral
relative to veloities:
(3) Q(f)(x, v, t) =
∫
C(f(x, w, t), x, v, t) dw ,
where C(•) desribes ollisions at a mirosopi level. Due to mirosopi onservation of
mass, momentum and energy, an equilibrium distribution f eq(x, v, t) satisfy the nullity
of rst moments of the distribution of ollisions:
∫
Q(f eq)(x, v, t)

 1v
1
2
|v|2

 dv = 0 .
Suh an equilibrium distribution f eq satises lassially the Maxwell-Boltzmann distri-
bution.
• The lattie Boltzmann method follows all these physial reommandations with spe-
i additional options. First, spae x is supposed to live in a lattie L inluded in
Eulidian spae of dimension d. Seond, veloity belongs to a nite set V omposed by
given veloities vj (0 ≤ j ≤ J) hosen in suh a way that
x ∈ L and vj ∈ V =⇒ x + ∆t vj ∈ L ,
where ∆t is the time step of the numerial method. Then the distribution of partiles,
f , is denoted by fj(x, t) with 0 ≤ j ≤ J, x in the lattie L and t an integer multiple
of time step ∆t.
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• In the pioneering work of ellular automata introdued by Hardy, Pomeau and De
Pazzis [24℄, Frish, Hasslaher and Pomeau [18℄ and developed by d'Humières, Lallemand
and Frish [13℄, the distribution fj(x, t) was hosen as Boolean. Sine the so-alled
lattie Boltzmann equation of Ma Namara and Zanetti [35℄, Higuera, Sui and Benzi
[27℄, Chen, Chen and Matthaeus [8℄, Higuera and Jimenez [26℄ (see also Chen and Doolen
[9℄), the distribution fj(•, •) takes real values in a ontinuum and the ollision proess
follows a linearized approah of Bhatnagar, Gross and Krook [4℄. With Qian, d'Humières
and Lallemand [38℄, the equilibrium distribution f eq is determined with a polynomial in
veloity. In the work of Karlin et al [29℄, the equilibrium state is obtained with a general
methodology of entropy minimization.
• The numerial sheme is dened through the evolution of a population fj(x, t), with
x ∈ L and 0 ≤ j ≤ J towards a distribution fj(x, t + ∆t) at a new disrete time.
The sheme is omposed by two steps that take into aount suessively the left and
right hand sides of the Boltzmann equation (1). The rst step desribes the relaxation
f −→ f ∗ of partile distribution f towards the equilibrium. It is loal in spae and
nonlinear in general. D. d'Humières rst introdued in [11℄ the fundamental notion of
moments in the ontext of lattie Boltzmann shemes. He denes an invertible matrix
M with (J +1) lines and (J +1) olumns and the moments m through a simple linear
relation
(4) mk =
J∑
j=0
Mkj fj , 0 ≤ k ≤ J .
• The rst N moments are supposed to be at equilibrium:
(5) m∗i = mi ≡ meqi ≡Wi , 0 ≤ i ≤ N − 1
and we introdue the vetor W ∈ RN of onserved variables omposed of the Wi for
0 ≤ i ≤ N − 1: Wi ≡ meqi , 0 ≤ i ≤ N − 1. The rst moments at equilibrium are
respetively the total density
(6) ρ ≡
J∑
j=0
fj ,
momentum
(7) qα ≡
J∑
j=0
vαj fj , 1 ≤ α ≤ d
and possibly the energy [31℄ for NavierStokes uid simulations. In onsequene, we have
M0j ≡ 1 , 0 ≤ j ≤ J(8)
Mαj ≡ vαj , 1 ≤ α ≤ d , 0 ≤ j ≤ J .(9)
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For the other moments, we suppose given (J + 1−N) (nonlinear) funtions Gk(•)
(10) R
N ∋ W 7−→ Gk(W ) ∈ R , N ≤ k ≤ J
that dene equilibrium moments meqk aording to the relation
(11) meqk = Gk(W ) , N ≤ k ≤ J .
Note also that more ompliated models have been developed in Yeomans's group (see
e.g. Marenduzzo at al [36℄) for modelling of liquid rystals.
• The relaxation proess is related to the linearized ollision operator introdued at
relation (3). In partiular intermoleular interations (Maxwell moleules with a 1/r4
potential), the ollision operator is exatly solvable in terms of so-alled Sonine polyno-
mials (see e.g. Chapman and Cowling [7℄) and the eigenvetors are known. Moreover,
the disrete model is highly onstrained by symmetry and exhanges of oordinates. In
the work of d'Humières [11℄, relaxation parameters (also named as s-parameters in the
following) sk (N ≤ k ≤ J) are introdued, satisfying for stability onstraints (see e.g.
[30℄) the onditions
0 < sk < 2 , N ≤ k ≤ J .
Then the nononserved momenta m∗k after ollision are supposed to satisfy
(12) m∗k = mk + sk (m
eq
k −mk) , k ≥ N
and we will denote by S the diagonal matrix of order J+1−N whose diagonal oeients
are equal to sk:
(13) Skℓ ≡ δkℓ sℓ , k, ℓ ≥ N
with δkℓ the Kroneker symbol equal to 1 if k = ℓ and null in the other ases. Remark that
this framework is general: when the matrix S is proportional to identity, the d'Humières
sheme degenerates to the popular BGK method haraterized by a Single Relaxation
Rate. In this partiular ase the relaxation operator is diagonal and there is no partiular
diagonalization basis to work with. The distribution f ∗ after ollision is reonstruted
by inversion of relation (4):
(14) f ∗j =
J∑
ℓ=0
M−1jℓ m
∗
ℓ , 0 ≤ j ≤ J .
• We suppose also that the set of veloities V is invariant by spae reetion:
vj ∈ V =⇒ ∃ ℓ ∈ {0, . . . , J}, vℓ = −vj , vℓ ∈ V .
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The seond step is the advetion that mimi at the disrete level the free evolution through
harateristis (2):
(15) fj(x, t +∆t) = f
∗
j (x− vj ∆t, t) , x ∈ L, 0 ≤ j ≤ J , vj ∈ V .
Note that all physial relaxation proesses are desribed in spae of moments. Neverthe-
less, evolution equation (15) is the key issue of forthoming expansions.
• The asymptoti analysis of ellular automata (see e.g. Hénon [25℄) provides evidene
supporting asymptoti partial dierential equations and visosity oeients related to
the indued parameter dened by
(16) σk ≡ 1
sk
− 1
2
.
The lattie Boltzmann sheme (4) to (15) has been analyzed by d'Humières [11℄ with a
Chapman-Enskog method oming from statistial physis. Remark that the extension of
the disrete Chapman-Enskog expansion to higher order already exists (Qian-Zhou [39℄,
d'Humières [12℄). But the alulation in the nonthermal ase (N > 1) is quite deliate from
an algebrai point of view and introdues nonommutative formal operators. Reently,
Junk and Rheinländer [28℄ developed a Hilbert type expansion for the analysis of lattie
Boltzmann shemes at high order of auray. We have proposed in previous works [14, 15℄
the Taylor expansion method whih is an extension to the lattie Boltzmann sheme of
the so-alled equivalent partial dierential equation method proposed independently by
Lerat and Peyret [33℄ and by Warming and Hyett [48℄. In this framework, the parameter
∆t is onsidered as the only innitesimal variable and we introdue a onstant veloity
ratio λ between spae step and time step:
(17) λ ≡ ∆x
∆t
.
The lattie Boltzmann sheme is lassially onsidered as seond-order aurate (see e.g.
[30℄). In fat, the visosity oeients µ relative to seond-order terms are reovered
aording to a relation of the type
µ = ζ λ2∆t σk
for a partiular value of label k. The oeient ζ is equal to 1
3
for the simplest models
that are onsidered hereafter.
• A natural question is to extend this auray to third or higher orders. In the ase
of single relaxation times (the BGK variant of d'Humières sheme), progresses in this
diretion have been proposed by Shan et al [44, 45℄ and Philippi et al [37℄ using Hermite
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polynomial methodology for the approximation of the Boltzmann equation. The prie to
pay is an extension of the stenil of the numerial sheme and the pratial assoiated
problems for the numerial treatment of boundary onditions. Note also the work of
the Italian team (Sbragaglia et al [42℄, Falui et al [17℄) on appliation to multiphase
ows. In the ontext of sheme with multiple relaxation times, Ginzburg, Verhaeghe
and d'Humières have analyzed with the Chapman-Enskog method the Two Relaxation
Times version of the sheme [22, 23℄. A nonlinear extension of this sheme, the so-alled
asaded lattie Boltzmann method has been proposed by Geier et al [19℄. It gives also
high order auray and the analysis is under development (see e.g. Asinari [3℄). The
general nonlinear extension of the Taylor expansion method to third-order of auray
of d'Humières sheme is presented in [16℄. It provides evidene of the importane of the
so-alled tensor of momentum-veloity dened by
(18) Λℓkp ≡
J∑
j=0
Mkj Mpj M
−1
jℓ , 0 ≤ k, p, ℓ ≤ J .
Moreover, it shows also that for athermal Navier Stokes equations, the mass onservation
equation ontains a remaining term of third-order auray that annot be set to zero by
tting relaxation parameters [16℄.
• Our motivation in this ontribution is to show that it is possible to extend the order of
auray of an existing a priori seond-order aurate lattie Boltzmann sheme to higher
orders. We use the Taylor expansion method [15℄ to determine the equivalent partial
dierential equation of the numerial sheme to higher orders of auray. Nevertheless,
it is quite impossible to determine expliity the entire expansion in all generality in the
nonlinear ase. In onsequene, we restrit here to a rst step. We propose in the following
a general methodology for deriving the equivalent equation of the d'Humières sheme at
an arbitrary order when the ollision proess dened by the funtions Gk of relation
(10) are linear. This alulation leads to expliit developments that an be expanded
with the help of formal alulation. This work is detailed in Setion 2. In Setion 3
we apply the general methodology to lassial linear models of thermis and linearized
athermal Navier Stokes equations. We treat fundamental examples from one to three spae
dimensions. When it is possible, the equivalent partial equivalent equations are expliited.
In Setion 4, we use the fourth-order equivalent equation of two and three-dimensional
models to enfore auray through a proper hoie of quarti parameters. For a salar
heat equation, the eet of the preision of the numerial omputation of eigenmodes is
presented. For linearized athermal Navier Stokes equations, we propose a method for
enforing the preision of the eigenmodes of the assoiated partial dierential equation.
First numerial results show that for appropriate tuning values of the parameters, fourth-
order preision is ahieved.
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2 Formal development of linearized d'Humières sheme
• In what follows, we suppose that the ollision proess is linear i.e. that the Gk
funtions introdued in (10) (11) are linearized around some referene state. With this
hypothesis, we an write:
Gk(W ) ≡
N∑
j=0
Gkj Wj =
N∑
j=0
Gkj mj , k ≥ N .
To be preise, putting together relations (11) and (12), there exists a (J + 1)× (J + 1)
matrix Ψ suh that the ollisioned momentum m∗ dened in (12) is a linear ombination
of the moments before ollision:
(19) m∗ = Ψ •m, m∗k =
J∑
j=0
Ψkℓ mℓ .
Of ourse, the onservation (9) implies that Ψ has a struture of the type
(20) Ψ =
(
I 0
Φ I− S
)
.
The top left blok of the right hand side of (20) is the identity matrix of dimension N
and the bottom left blok is desribed through the Gk funtions introdued in (10) (11):
(21) Φkj ≡ Ψkj = sk Gkj , j < N , k ≥ N .
The bottom right blok of the right hand side of (20) ontains the oeients 1 − sk
(k ≥ N) related to relaxation (13).
• In order to make our result expliit, we need some notations. We introdue multi-
indies γ, δ, ε in {1, . . . d}q in order to represent multiple dierentiation with respet to
spae. If
γ =
(
1, . . . 1︸ ︷︷ ︸
α1 times
, . . . , d, . . . d︸ ︷︷ ︸
αd times
)
,
then
∂γ ≡ ∂
α1
∂xα11
· · · ∂
αd
∂xαdd
and we denote by |γ | the length of multi-index γ:
|γ | ≡ α1 + · · · + αd .
Then thanks to the binomial formula for iterated dierentiation, we an introdue oe-
ients Pℓγ in order to satisfy the identity
(22)
(
−
d∑
α=1
Mαℓ ∂α
)q
≡
∑
|γ|=q
Pℓγ ∂γ .
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for any integer q.
• We rst establish that at rst-order of auray, we have a representation of nonon-
served moments in terms of onservative variables:
(23) mk =
J∑
j=0
B0kj Wj +O(∆t) , k ≥ N .
with
(24) B0kj ≡
1
sk
Ψkj , k ≥ N , 0 ≤ j ≤ N − 1 .
We have also the rst-order onservation law
(25)
∂Wi
∂t
+
∑
|γ|=1
Aγij ∂γWj = O(∆t) , 0 ≤ i ≤ N − 1 .
with oeients Aγij given aording to
(26) Aγij ≡
J∑
p=0
Λpγi
(
Ψpj +
∑
ℓ≥N
Ψpℓ
1
sℓ
Ψℓj
)
, |γ |= 1 , 0 ≤ i, j ≤ N − 1 .
The proof of this result and those that follow of this Setion are detailed in Appendix A.
• The expansion of moments (23) an be extended to seond-order auray:
(27) mk =
∑
0≤|γ|≤1
∆t|γ| Bγkj ∂γWj + O(∆t
2) .
with
(28)


Bγkj =
1
s2k
N−1∑
i=0
ΨkiA
γ
ij −
1
sk
J∑
r=0
1
sr
J∑
p=0
Λpγk Ψpr Ψrj ,
|γ |= 1 , k ≥ N , 0 ≤ j ≤ N − 1 .
• Then we extend the previous expansions (25) and (27) to any order σ. By indution,
we establish that we have an equivalent partial dierential equation of the form
(29)
∂Wi
∂t
+
∑
1≤|γ|≤σ
∆t|γ|−1
N−1∑
j=0
Aγij ∂γWj = O(∆t
σ) , 0 ≤ i ≤ N − 1 ,
and an expansion of nononserved moments as
(30) mk =
∑
0≤|γ|≤σ
∆t|γ|
N−1∑
j=0
Bγkj ∂γWj + O(∆t
σ+1) , k ≥ N ,
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with the following reurrene relations for dening the oeients Aγij and B
γ
kj:
(31) C1,γij = A
γ
ij , 0 ≤ i, j ≤ N − 1 ,
(32)


Cq+1,γij = −
∑
δ≥q, ε≥1, δ+ε=γ
J∑
ℓ=0
Cq,δiℓ A
ε
ℓj ,
2 ≤ q + 1 ≤ |γ | , 0 ≤ i, j ≤ N − 1 ,
(33)


Aγij = −
|γ|∑
q=2
1
q!
Cq,γij
−
∑
1≤|δ|≤|γ|, 0≤|ε|≤|γ|−1, δ+ε=γ
J∑
ℓ=0
J∑
p=0
J∑
r=0
1
| δ | !MiℓM
−1
ℓp Ψpr Pℓδ B
ε
rj ,
(34) D0,γkj = B
γ
kj , k ≥ N , 0 ≤ j ≤ N − 1 ,
(35)


Dq+1,γkj = −
∑
|δ|≥q, |ε|≥1, δ+ε=γ
J∑
ℓ=0
Dq,δkℓ A
ε
ℓj ,
1 ≤ q + 1 ≤|γ | , k ≥ N , 0 ≤ j ≤ N − 1 ,
(36)


Bγkj =
1
sk
(
−
∑
1≤q≤|γ|
1
q !
Dq,γkj
+
∑
1≤|δ|≤|γ|, 0≤|ε|≤|γ|−1, δ+ε=γ
J∑
ℓ=0
J∑
p=0
J∑
r=0
1
|δ |!MkℓM
−1
ℓp Ψpr Pℓδ B
ε
rj
)
,
k ≥ N , 0 ≤ j ≤ N − 1 .
• Note that the results (33) and (36) are oupled through the relations (31) (32) (34)
and (35). For example, the evaluation of oeient Dq+1,γkj uses expliitly A
ε
ℓj , the eval-
uation of Aγij uses B
ε
rj and the omputation of B
γ
rj is impossible if D
q,γ
kj is not known.
The proof is detailed in Appendix A. It is an elementary and relatively lengthy algebrai
alulation. In partiular, our mathematial framework is lassial: all dierential opera-
tors ommute and the tehnial diulties of nonommutative time derivative operators
assoiated with the use of formal Chapman-Enskog method [12℄ vanish. As a result, the
general expansion of a linearized d'Humières sheme at an arbitrary order an be obtained
by making expliit the oeients Aγij and B
γ
kj. Remark that the hypothesis of linearity
allows making the above formulae expliit and we have done this work with the help of
formal alulation. Nevertheless, it is always possible to suppose that the Gk funtions
are linearized expansions of a nonlinear equilibrium. In this ase, the previous equivalent
high order partial dierential equations (29) give a very good information onerning the
behavior of the sheme.
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3 Equivalent Thermis and Fluid equations
• We make expliit in this setion the fourth-order equivalent equation (29) of some lat-
tie Boltzmann shemes for two fundamental problems of mathematial physis: thermis
and linearized athermal Navier-Stokes equations. We treat rst advetive thermis in one
spae dimension with the so-alled D1Q3 lattie Boltzmann sheme. In order to obtain
results presentable on a sheet of paper, we simplify the model and omit the advetive
term for two (D2Q5) and three (D3Q7) spae dimensions. Seondly we study linearized
athermal Navier-Stokes equations in one (D1Q3), two (D2Q9) and three (D3Q19) spae
dimensions. Note that we have to dene preisely our results. First the numbering of
degrees of freedom via orresponding graphis is speied; see Appendix B. The hoie
of moments, id est the M matrix, is also made preise in Appendix B. Seondly the Ψ
matrix of relation (19) is speied, later in this setion.
• D1Q3 for advetive thermis at fourth-order
For a thermis problem, we have only one onserved quantity. Then N = 1 in relation (5).
The two nononserved moments (momentum qeq and energy ǫeq; see (78)) at equilibrium
are supposed to be linear funtions of the onserved momentum ρ:
(37) qeq = u λ ρ , ǫeq = α
λ2
2
ρ .
Due to (21) and (37), the matrix Ψ for dynamis relation (19) is given aording to
Ψ =

 1 0 0s1 u λ 1− s1 0
α s2 λ
2/2 0 1− s2

 .
We determine without diulty the equivalent partial dierential equation for this lattie
Boltzmann sheme at order four, to x the ideas. For i = 1, 2, we introdue σi from
relaxation time si aording to relation (16). When a drift in veloity u is present, note
that the diusion oeient is a funtion of mean value veloity. We have
(38)
∂ρ
∂t
+ u λ
∂ρ
∂x
− σ1∆t λ2 (α−u2) ∂
2ρ
∂x2
+ κ3
∆t2 λ3
12
∂3ρ
∂x3
+ κ4
∆t3 λ4
12
∂4ρ
∂x4
= O(∆t4)
with parameters κ3 and κ4 given aording to
κ3 = −u
(
2
(
1− 12 σ21
)
u2 + 1− 3α − 12 σ1 σ2 (1− α) + 24 σ21 α
)
κ4 =
(− 9 + 60 σ21)σ1 u4 + (− 5 (1− 3α) σ1 − 3 (1− α) σ2+
+12 (1− α) σ1 σ22 + 36 (1− α) σ21 σ2 − 72 σ31 α
)
u2
+ασ1
(
2− 3α − 12 (1− α) σ1 σ2 + 12ασ21
)
.
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If u = 0, then κ3 = 0 and the sheme is equivalent to an advetion-diusion equation
up to third-order auray. In this partiular ase, the sheme is fourth-order aurate in
the previous sense if we set
σ2 =
2− 3α + 12ασ21
12 σ1 (1− α) .
• D2Q5 for pure thermis at fourth-order
We have J = 4 and N = 1. The equilibrium energy (momentum m3 in (79) with the
labelling onventions of Setion 1) is the only one to be non equal to zero. The matrixΨ
of relation (19) is now given by the relation
(39) Ψ =


1 0 0 0 0
0 1− s1 0 0 0
0 0 1− s1 0 0
α s3 0 0 1− s3 0
0 0 0 0 1− s4

 .
We have developed the onservation law up to fourth-order:
(40)


∂ρ
∂t
− λ
2∆t
10
σ1 (4 + α)
(
∂2ρ
∂x2
+
∂2ρ
∂y2
)
+
∆t3 λ4
1200
σ1 (4 + α)
(
κ40
(∂4ρ
∂x4
+
∂4ρ
∂y4
)
+ κ22
∂4ρ
∂x2∂y2
)
= O(∆t4)
and the κ oeients are expliited as follows:
κ40 = 8 − 3α + 12 (α+ 4) σ21 − 12 (1− α) σ1 σ3 − 60 σ1 σ4(41)
κ22 = −6 (α + 4) + 24 (α+ 4) σ21 − 24 (1− α) σ1 σ3 + 120 σ1 σ4 .(42)
• D2Q9 for advetive thermis at fourth-order
The lattie Boltzmann model D2Q9 for a passive salar (see Chen, Ohashi and Akiyama
[10℄, Shan [43℄, Ginzburg [20℄) is obtained from the D2Q5 model by adding four veloities
along the diagonals (Figure 21, right). The evaluation of matrixM is absolutely nontrivial
and is preised at (80). The dynamis is given by
(43) Ψ =


1 0 0 0 0 0 0 0 0
u λ s1 1−s1 0 0 0 0 0 0 0
v λ s1 0 1−s1 0 0 0 0 0 0
a3 s3 0 0 1−s3 0 0 0 0 0
a4 s4 0 0 0 1−s4 0 0 0 0
a5 u s5 0 0 0 0 1−s5 0 0 0
a6 v s5 0 0 0 0 0 1−s5 0 0
a7 s7 0 0 0 0 0 0 1−s7 0
a8 s8 0 0 0 0 0 0 0 1−s8


.
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The oeients a3 to a8 in relation (43) are hosen in order to obtain the advetion
diusion equation at order 2:
(44)
∂ρ
∂t
+ λ
(
u
∂ρ
∂x
+ v
∂ρ
∂y
)
− λ2 ξ σ1∆t
(
∂2ρ
∂x2
+
∂2ρ
∂y2
)
= O(∆t)2 .
We have preisely:
a3 = 3 (u
2 + v2) − 4 + 6 ξ , a7 = u2 − v2 , a8 = u v
as explained in [16℄. When u = v = 0, the equation (44) takes the form
∂ρ
∂t
− λ2 ξ σ1∆t
(
∂2ρ
∂x2
+
∂2ρ
∂y2
)
+
λ4∆t3 ξ
36
(
κ40
(
∂4ρ
∂x4
+
∂4ρ
∂y4
)
+ κ22
∂4ρ
∂x2 ∂y2
)
= O(∆t4)
with oeients κ40 and κ22 evaluated aording to
κ40 = σ1
(
2 σ5 (σ7 − σ3) (a4 − 4) + 6 ξ
(
1− σ1 σ7 − 5 σ1 σ3 + 2 σ5 (σ7 − σ3)
))
κ22 = 2
(
σ1 + σ5 − 2 σ1 σ5 (σ3 + σ7 + 4 σ8)
)
(a4 − 4)
+12 ξ
(
σ5 + 3 σ1 − 2 σ1 σ5 (σ3 + σ7)− 2 σ1 σ3 σ5 − 8 σ1 σ8 (σ1 + σ5) + σ21 σ7
)
.
Remark that the equivalent partial dierential equation of this general lattie Boltzmann
sheme has been exatly derived in a omplex ase where all the time relaxations are a
priori distint. The oeients κ40 and κ22 of the fourth-order terms are polynomials
of degree 3 in the σ oeients. When we make the BGK hypothesis id est that all the
σ oeients are equal, a rst possibility for killing the oeients κ40 and κ22 is given
by:
σ1 = σ1 = σ3 = σ4 = σ5 = σ7 = σ8 =
1
6
, ξ = 0 .
We observe that this hoie of parameters is without any pratial interest beause the
diusion term in (44) is null. We observe that a seond possibility
ξ =
2
3
1− 6 σ21
1− 8 σ21
, a4 = −2 1− 2 σ
2
1
1− 8 σ21
indues also a fourth-order aurate lattie Boltzmann sheme. If we replae the strong
BGK hypothesis by the weaker one assoiated to Two Relaxation Times as suggested
by Ginzburg, Verhaeghe and d'Humières in [22, 23℄, id est
σ1 = σ5 , σ3 = σ4 = σ7 = σ8 ,
we an ahieve formal fourth-order auray for
σ1 =
1√
12
and σ3 =
1√
3
.
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• D3Q7 for pure thermis
For three-dimensional thermis, one only needs a seven point sheme and use the so-alled
D3Q7 lattie Boltzmann sheme whose stenil is desribed in Figure 22. The matrixM is
given at relation (81). The dynamis of this Boltzmann sheme uses the following matrix
for omputation of out of equilibrium moments, aording to relation (19):
Ψ =


1 0 0 0 0 0 0
0 1− s1 0 0 0 0 0
0 0 1− s1 0 0 0 0
0 0 0 1− s1 0 0 0
0 0 0 0 1− s4 0 0
0 0 0 0 0 1− s4 0
α s6 0 0 0 0 0 1− s6


.
The equivalent thermal salar onservation law now takes the following form at fourth-
order of auray:
∂ρ
∂t
− λ
2∆t
21
σ1 (α + 6)∆ρ +
∆t3 λ4
1764
σ1 (α + 6)
(
κ400
(∂4ρ
∂x4
+
∂4ρ
∂y4
+
∂4ρ
∂z4
)
+ κ220
( ∂4ρ
∂x2∂y2
+
∂4ρ
∂y2∂z2
+
∂4ρ
∂z2∂x2
))
= O(∆t4)
where the κ oeients are given by
κ400 = 8 − α + 4 σ21 (α + 6) − 56 σ1 σ4 − 4 (1− α) σ1 σ6(45)
κ220 = − 2 (α+ 6) + 8 σ21 (α+ 6) + 56 σ1 σ4 − 8 (1− α) σ1 σ6 .(46)
• After these examples where only one partial dierential equation is present, we on-
sider the ase of two (D1Q3), three (D2Q9) or four (D3Q19) partial dierential equations
emerging from the lattie Boltzmann algorithm. These equations model marosopi
onservation of mass and momentum of a linearized uid in our approah in this ontri-
bution.
• D1Q3 for athermal linearized NavierStokes at fth-order
We have in this ase two onservation laws (N = 2 in relation (5)) and the equilibrium
energy is supposed to be given simply by
(47) ǫeq = α
λ2
2
ρ .
Due to (21) and (47), the matrix Ψ for dynamis relation (19) is now given aording to
Ψ =

 1 0 00 1 0
α s λ2/2 0 1− s

 ,
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and σ is related to parameter s aording to (16): σ ≡ 1
s
− 1
2
. Then equivalent mass
onservation at the order 5 looks like equation (38). We have preisely:
(48)

∂ρ
∂t
+
∂q
∂x
− λ
2∆t2
12
(1− α) ∂
3q
∂x3
− λ
4∆t3
12
α (1− α) σ ∂
4ρ
∂x4
+
λ4∆t4
120
(1− α) (1 + α + 10 (1− 2α) σ2) ∂5q
∂x5
= O(∆t5) .
Conservation of momentum takes the form:
(49)


∂q
∂t
+ αλ2
∂ρ
∂x
− λ2∆t (1− α) σ ∂
2q
∂x2
+ ζ3
λ4∆t2
6
∂3ρ
∂x3
+ ζ4
λ4∆t3
12
∂4q
∂x4
+ ζ5
λ6∆t4
120
∂5ρ
∂x5
= O(∆t5)
with parameters ζ3 to ζ5 given by
ζ3 = α (1− α) (1 − 6 σ2)
ζ4 = − (1− α) σ
(
1 − 4α − 12 (1− 2α) σ2)
ζ5 = α (1− α)
(
1 − 4α − 10 (5− 9α) σ2 + 120 (2− 3α) σ4) .
When σ = 1√
6
, the oeient ζ3 of relation (49) is null. In this ase, the lattie Boltzmann
sheme is formally third-order aurate for the momentum equation. But, as remarked in
[16℄, the mass onservation (48) remains formally seond-order aurate, exept for the
(without any pratial interest as it leads to a null visosity) ase α = 1.
• D2Q9 for linearized athermal NavierStokes at order four
The D2Q9 lattie Boltzmann sheme an be used also for simulation of uid dynamis.
For the partiular ase of onservation of mass and momentum, we just replae matrix
Ψ of (43) by the following one, assuming the aim is to simulate an athermal uid with
speed of sound
√
1/3:
Ψ =


1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
−2 s3 0 0 1−s3 0 0 0 0 0
s4 0 0 0 1−s4 0 0 0 0
0 −s5/λ 0 0 0 1−s5 0 0 0
0 0 −s5/λ 0 0 0 1−s5 0 0
0 0 0 0 0 0 0 1−s7 0
0 0 0 0 0 0 0 0 1−s7


.
We have onservation of mass at fourth-order of auray:
(50)
∂ρ
∂t
+
∂qx
∂x
+
∂qy
∂y
− 1
18
λ2∆t2∆
(∂qx
∂x
+
∂qy
∂y
)
+
λ4∆t3
108
(σ3 + σ7)∆
2ρ = O(∆t4)
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and onservation of two omponents of momentum:
(51)

∂qx
∂t
+
λ2
3
∂ρ
∂x
− λ
2
3
∆t
[
σ3
∂
∂x
(∂qx
∂x
+
∂qy
∂y
)
+ σ7∆qx
]
−λ
4∆t2
27
(
3 (σ23 + σ
2
7)− 1
) ∂
∂x
∆ρ − λ
4∆t3
108
(
ζ40
∂4qx
∂x4
+ ζ31
∂4qy
∂x3 ∂y
+ζ22
∂4qx
∂x2 ∂y2
+ ζ13
∂4qy
∂x ∂y3
+ ζ04
∂4qx
∂y4
)
= O(∆t4)
(52)

∂qy
∂t
+
λ2
3
∂ρ
∂y
− λ
2
3
∆t
[
σ3
∂
∂y
(∂qx
∂x
+
∂qy
∂y
)
+ σ7∆qy
]
−λ
4∆t2
27
(
3 (σ23 + σ
2
7)− 1
) ∂
∂y
∆ρ − λ
4∆t3
108
(
η40
∂4qy
∂x4
+ η31
∂4qx
∂x3 ∂y
+η22
∂4qy
∂x2 ∂y2
+ η13
∂4qx
∂x ∂y3
+ η04
∂4qy
∂y4
)
= O(∆t4)
where the oeients ζ are given by
(53)


ζ40 = η04 = −σ3 − σ7 − 12 σ23 σ7 − 12 σ3 σ27 + 18 σ23 σ5
+6 σ5σ
2
7 − 12 σ3 σ4 σ5 − 24 σ3 σ5 σ7 + 12 σ4 σ5 σ7
ζ31 = η13 = − 4 σ3 − 7 σ7 + 18 σ23 σ5 + 18 σ5 σ27 − 12 σ23 σ7
− 12 σ3 σ27 − 12 σ3 σ4 σ5 + 12 σ3 σ5 σ7 + 12 σ4 σ5 σ7 + 12 σ37
ζ22 = η22 = − 13 σ3 + 6 σ4 − 10 σ7 + 18 σ23 σ5 − 12 σ23 σ7 − 12 σ3 σ27
+30 σ5 σ
2
7 − 12 σ3 σ4 σ5 + 120 σ3 σ5 σ7 − 60 σ4 σ5 σ7 − 12 σ37
ζ13 = η31 = − 10 σ3 + 6 σ4 − 7 σ7 + 18 σ23 σ5 − 12 σ23 σ7 − 12 σ3 σ27
+18 σ5 σ
2
7 + 12 σ3 σ4 σ5 + 84 σ3 σ5 σ7 − 60 σ4 σ5 σ7 + 12 σ37
ζ04 = η40 = −3 σ7 + 24 σ5 σ27 − 12 σ37 .
• D3Q19 for linearized NavierStokes
The D3Q19 Lattie Boltzmann sheme is desribed with details e.g. in J. Tölke et al [46℄.
The onstrution of matrix M that parameterizes the transformation (4) is presented in
full detail in relations (82) to (87) in Appendix B. The assoiated matrix Ψ is also of
order 19 and therefore quite diult to write on a A4 paper sheet. Due to onstitutive
relations (19) and (20), it is easily obtained from the expression of equilibrium moments.
We have taken for this D3Q19 sheme
(54)


meq4 = θ λ
2
meq5 = m
eq
6 = m
eq
7 = m
eq
8 = m
eq
9 = 0
meq10 = m
eq
11 = m
eq
12 = 0
meq13 = βλ
4
meq14 = m
eq
15 = 0
meq16 = m
eq
17 = m
eq
18 = 0 .
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In order to obtain physial equations at rst-order of auray with a sound veloity c0
given by c0 = α λ the relation θ = 57α
2 − 30 must be imposed to obtain orret uid
seond-order partial dierential equations and the parameter β remains free.
• When the number of veloities of the Boltzmann sheme is redued (up to D2Q9
sheme typially), it is possible to expand the dispersion equation formally and to derive
equivalent partial dierential equations up to an arbitrary order. We have done the om-
parison for one-dimensional and bi-dimensional shemes. The proess has been extended
to models with more veloities and various onserved quantities; however the equations
beome very ompliated and thus will not be reprodued here. Let us just mention that
the expressions found are quite similar to those obtained for the previous test ases.
4 The fourth-order aurate lattie Boltzmann sheme
• In this setion, we preise how to hoose partiular quarti values of relaxation pa-
rameters in order to inrease the auray of the sheme. We verify with the help of preise
numerial experiments for analytial test ases that the numerial preision follows our
predition. We fous rst on lassial thermis at two and three spae dimensions. Then
we propose two numerial experiments for athermal linearized Navier-Stokes equations at
two and three spae dimensions for a nontrivial geometry.
• The D2Q5 lattie Boltzmann sheme for a thermal problem
We obtain the order 4 by setting κ40 = 0 and κ22 = 0 in relations (41) and (42)
respetively. We obtain :
(55) σ3 = σ1
α + 4
1− α −
1
12 σ1
2 + 3α
1− α , σ4 =
1
6 σ1
.
The BGK ondition σ1 = σ3 = σ4 leads to σ1 =
1√
12
and α = −4 and thus to a thermal
diusivity equal to 0. Note that the intermediate TRT presented in Ginzburg et al [22, 23℄
supposes simply σ3 = σ4. If we insert this onstraint inside relations (55), we get
σ1 =
1√
12
, σ3 =
1√
3
to enfore fourth-order auray. Then the d'Humières version of lattie Boltzmann
sheme is mandatory for this improvement of the method with a wide family of admissible
parameters. In order to study the fourth-order auray of the D2Q5 lattie Boltzmann
sheme for thermal problem, we use three dierent approahes. The rst two onsider the
interior sheme and the third one inorporates boundary onditions.
• First of all, we study homogeneous plane waves with a one point omputation. In
that ase, we an derive numerially a dispersion equation for sheme (15) assoiated
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with (4), (19), (79) and (39), as proposed in [30℄. We introdue a wave in the Boltzmann
sheme, id est f(x, t) ≡ f̂(kx, ky) exp
(
i kx x + i ky y
)
. Then we have f(x, t +∆t) =
Gf(x, t) with the so-alled ampliation matrix G (see e.g. Rihtmyer and Morton
[40℄) obtained without diulty from matries M , Ψ and B dened respetively in (79)
(39) and
B = diag
(
1, ei kx∆x, ei ky ∆x, e−i kx∆x, e−i ky ∆x
)
for the D2Q5 sheme displayed in Figure 21 (left). Then G = BM−1ΨM . Then if
∂
∂t
is formally given by relation (40) and operators
∂
∂x
and
∂
∂y
replaed by i kx and
i ky respetively, the number z = exp
(
∆t ∂
∂t
)
is an eigenvalue of matrix G at fourth-
order of auray. The numerial experiment (see Figure 1) onrms the theoretial
development of the dispersion equation. Note that for situations relaxing to uniform
state, the eigenvalues that we determine below are negative; however we shall express
results in terms of positive relaxation rates with adequate sign hanges.
• For inhomogeneous situations, with NL lattie points (and NL (J + 1) degrees of
freedom), one an study the time evolution starting from some initial state. Another
approah for linear situations onsiders that the state X(t) that belongs to RNL (J+1)
an be deomposed as a sum of eigenmodes of the operator A dened using the disrete
evolution sheme:
(56) X(t+∆t) ≡ A •X(t) .
The matrix A being of very large size, one an look for some of its eigenmodes using
for instane the method proposed by Arnoldi [2℄. To aelerate the Arnoldi omputa-
tions, following a suggestion by L. Tukerman [47℄, we replae the determination of the
eigenvalues of equation (56) by the determination of the eigenvalues of
(57) X(t+ (2ℓ+ 1)∆t) ≡ A2ℓ+1 •X(t) ,
for some ℓ ∈ N, using the fat that the lattie Boltzmann sheme is very fast ompared to
the inner working of the Arnoldi proedure. Replaing problem (56) by problem (57) not
only inreases the splitting between various eigenmodes, but also helps to disriminate
against the aousti modes by multiplying the logarithm of the imaginary part of the
eigenvalues by 2ℓ + 1. Note that hoosing an even number of time steps would bring in
the heker-board type modes. We denote by Γnum any eigenvalue omputed with this
methodology.
• We rst test this method for internal lattie, id est with a periodi NL ≡ Nx ×Ny
situation and nd the same results as those derived from the one-point analysis (see
Figure 1) with very good auray. For this periodi situation, the eigenmodes are plane
18 François Dubois and Pierre Lallemand
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Figure 1: Error | Γnum
Γth
− 1 | of D2Q5 sheme for thermi test ase, one point simulation.
Dierent urves orrespond to dierent orientation of the wave-vetor with respet to the
axis, showing the angular dependene of the next order.
waves for the wave vetor kx = 2π
Ix
Nx
, ky = 2π
Iy
Ny
, where Ix and Iy are integers. We
ompare the numerial relaxation rates Γnum(Ix, Iy, Nx, Ny) to Γth ≡ κ(k2x+ k2y) and show
in Figure 2 the relative dierene between those two quantities (alled the error) for the
partiular values Ix = 5 and Iy = 0 and Nx from 11 to 91. With arbitrarily hosen values
of the non-hydrodynami s-parameters, we observe seond-order onvergene. However
for the quarti s-parameters the onvergene is of order four with a large derease in the
absolute value of the error. Analogous results are displayed in Figure 2 for D3Q7.
• We now onsider a seond ase with boundary onditions: exat solution for the
modes of the Laplae equation in a irle of radius R with homogeneous Dirihlet bound-
ary onditions. Density is dened with (6) applied with J = 4 in this partiular ase.
Reall that density follows heat equation
∂ρ
∂t
− κ∆ρ = 0 with κ = λ2 ∆t
10
σ1 (4 + α) and
homogeneous boundary onditions at r = R. The solution of this problem is standard
(see e.g. Landau and Lifhitz [32℄, Abramowitz and Stegun [1℄ or Carslaw and Jaeger
[6℄) and is parameterized by a pair (ℓ, n) of integers. We introdue ζnℓ , the n
th
zero
of the Bessel funtion Jℓ. Then a solution with time dependene as exp(−Γt) denes a
orresponding eigenvalue Γ (also denoted as Γth in the following) that satises
(58) Γ = κ
(ζnℓ
R
)2
.
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Figure 2: Arnoldi test ase for periodi thermis, Ix = 5, Iy = 0. Various parameters for
lattie Boltzmann shemes D2Q5 and D3Q7.
• The eet of fourth-order auray Boltzmann sheme in omputing the eigenfun-
tion is spetaular: just ompare Figures 3 and 4. Nevertheless, the eet of boundary
onditions (we use anti-boune-bak with interpolation à la Bouzidi et al [5℄) annot be
negleted. In Figure 5, we have ompared the error dened by | Γnum
Γth
−1 | for two internal
shemes (with usual and quarti parameters) and two versions (rst and seond-order) of
simple numerial boundary onditions introdued by Bouzidi et al [5℄. We still observe a
better numerial preision of the shemes (by two orders of magnitude typially) whereas
the onvergene still remains seond-order aurate. We onlude that the eet of bound-
ary onditions is ruial for the determination of the order of onvergene. Nevertheless,
the hoie of quarti parameters gives a higher preision for the lattie Boltzmann sheme.
• The D3Q7 lattie Boltzmann sheme for a thermal problem
We obtain the order 4 by setting κ400 = 0 and κ220 = 0 in relations (45) and (46). We
obtain :
σ4 =
1
6 σ1
, σ6 =
α+ 6
1− α σ1 −
4 + 3α
12 (1− α)
1
σ1
.
As for D2Q5, the BGK ondition σ1 = σ4 = σ6 leads to σ6 =
1√
6
and α = −6 and thus
to thermal diusivity equal to 0. Theoretial modes of the Laplae equation in a sphere
of radius R with homogeneous Dirihlet boundary onditions are parameterized through
the nth zero ηnℓ+1/2 of semi-integer Bessel funtion Jℓ+1/2 and the eigenvalue Γ is given
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Figure 3: D2Q5 sheme for thermis inside a irle. Eigenmode n = 4, ℓ = 0 for
heat equation with Dirihlet boundary onditions. Seond-order auray with usual
parameters for lattie Boltzmann sheme.
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Figure 4: D2Q5 sheme for thermis inside a irle. Eigenmode n = 4, ℓ = 0. Quarti
parameters for lattie Boltzmann sheme.
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Figure 5: D2Q5 sheme for thermis in a irle. Eigenmode n = 1, ℓ = 5. Errors for
various parameters for lattie Boltzmann and boundary shemes.
by:
(59) Γ = κ
(ηnℓ+1/2
R
)2
, ℓ ∈ N , n ≥ 1 .
• The results of Figures 6 and 7 have been obtained with R = 17.2 and n = 5. The
theoretial value of the eigenvalue is Γ = 52 π2 κ/R2 (as for m = 0, the zeros of the
semi-integer Bessel funtion are simply π n). We have used parameters s1 = 1.26795,
s4 = 1.2, s6 = 1.3 for the usual omputations. The quarti parameters have been hosen
as
s1 = 1.26795 , s4 = s6 = 0.92820 .
>From results presented in Figure 8, the onlusion is essentially the same as that ob-
served for two-dimensional thermis: the results are improved by two orders of magnitude
typially, but the rate of onvergene annot be rigorously measured or still remains of
seond-order.
• We also made a parameter study of the loation of the boundary ondition. We plot
in Figure 9 the ratio ΓR2/(κ π2) with Γ given by relation (59). We use Bouzidi et al
[5℄ boundary proedure with linear interpolation. The utuation due to the boundary
algorithm is around 0.2 %. The gap between seond-order usual omputation and new
fourth-order omputation is of the order of 2%. We observe that this gap is one order of
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Figure 6: D3Q7 lattie Boltzmann sheme for thermis in a sphere. Eigenmode n = 5,
ℓ = 1, m = 0 with usual parameters.
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Figure 7: D3Q7 lattie Boltzmann sheme for thermis in a sphere. Eigenmode n = 5,
ℓ = 1, m = 0 with quarti parameters.
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Figure 8: D3Q7 sheme for thermis in a sphere with Dirihlet boundary onditions.
Eigenmode n = 1, ℓ = 0. Errors for various parameters for lattie Boltzmann and
boundary shemes.
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magnitude larger than the error due to the hoie of the boundary ondition estimated
from the utuations with the imposed radius.
• The D2Q9 for linearized athermal NavierStokes at fourth-order
We onsider now the linear uid model obtained by a D2Q9 lattie Boltzmann sheme.
The equivalent partial dierential equations are given at the order 4 by relations (51) to
(53). The dream would be to enfore high order auray. However, this is denitively
impossible in the framework onsidered here due to the never null third-order term for
mass onservation (50). Reall notation (5) for onservative variables: W ≡ (ρ, qx, qy)t
and write the equivalent equations (51)-(53) in the syntheti form:
(60) ∂tWk +
∑
j, p, q
Ajkpq ∂
p
x∂
q
yWj = O(∆t
4) .
We searh for a dissipative mode, id est a mode for linear inompressible Stokes problem
under the form W (t) = e−Γt+ i(kx x+ky y) W˜ . Then Γ is an eigenvalue of the matrix A
dened by
Ajk =
∑
j, p, q
Ajkpq (i kx)
p (i ky)
q .
We know (see e.g. Landau and Lifhitz [32℄) that for Stokes problem (inompressible
shear modes), the relation
(61) Γ = ν
(
k2x + k
2
y
)
is lassial. Moreover, as a onsequene of (51) and (52)
(62) ν =
λ2
3
∆t σ7
for a lattie Boltzmann sheme with multiple relaxation times.
• We propose here to tune the parameters sℓ in suh a way that the relation (61) is
enfored for the modes of (60). Preisely, we searh sℓ suh that
(63) ∆m ≡ det
[
A −
(λ2
3
∆t σ7
) (
k2x + k
2
y
)
Id
]
= O(∆t7) .
With an elementary formal omputation, the third-order term ∆3m of ∆m relative to ∆t
is equal to
(64)

 ∆
3
m = −
∆t3 λ6
108
σ7
(
k2x + k
2
y
) (
(−1 − 4 σ27 − 8 σ5 σ7)
(
k4x + k
4
y
)
+2 (1 − 4 σ27 − 4 σ5 σ7) k2x k2y
)
.
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Figure 10: D2Q9 one point test ase of shear waves for dierent angles of the wave
vetor.
It is then lear that the expression (64) is identially null for parameters σ5 and σ7
hosen aording to
(65) σ5 =
√
3
3
, σ7 =
√
3
6
.
With this partiular hoie of parameters, so-alled quarti in what follows, the visosity
ν in relation (62) has the following partiular value:
(66) ν =
λ2∆t√
108
≈ 0.096225 λ2∆t .
Then it is very simple to verify that the determinant ∆m is null up to terms of order
seven and relation (63) is satised.
• As in the partiular ase of D2Q5 sheme, we have veried with periodi boundary
onditions that the relaxation rate of a transverse wave is determined with error of order
six and relative fourth-order preision, as shown in Figure 10. The detailed numerial
onvergene plot is very similar to Figure 2.
• We have also validated our results for eigenmodes of the Stokes problem inside a
irle. With the notations introdued previously, the eigenvalues Γ are given [32℄ by
(67) Γ = ν
(ζnℓ
R
)2
.
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Figure 11: D2Q9 sheme for linear NavierStokes. Eigenmode n = 5 ℓ = 1 for the Stokes
problem in a irle.
The result for R = 30.07, ℓ = 1 and n = 5 is presented in Figure 11 for the veloity eld
with a mesh inluded in a square of size 61×61. The alternane of diretions for the vetor
eld is learly visible on Figure 11 and we use around seven meshpoints between two zeros
of the Bessel funtion. We have ompared with the same mesh the results obtained with
the lattie Boltzmann sheme with the usual parameters that does not satisfy relation (65)
but suh that ν = λ
2 ∆t
10
whih is very lose to (66) and quarti parameters. The radial
prole of the tangential veloity is shown in Figures 12 to 14. The dierene is visually
spetaular. As for the thermis ase, we observe that simple boundary onditions (here
we use those of Bouzidi et al. [5℄) prevent fourth-order onvergene for the Stokes problem.
Use of more sophistiated boundary onditions (see Ginzburg and d'Humières [21℄) may
help to improve the onvergene; however for models with limited number of veloities, it
is not lear whether the hoie of s-parameters will be the same for fourth-order volume
and aurate Poiseuille type boundary onditions.
• The D3Q19 for linearized athermal NavierStokes at fourth-order
The D3Q19 model is analyzed as was done above for the D2Q9 model. We detail in
Appendix C the way to enfore the preision of eigenmodes for the Stokes problem. We
obtain a set of eight equations for the oeients σ's. These equations have only one
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Figure 12: D2Q9 sheme for linear NavierStokes in a irle. Eigenmode n = 5, ℓ = 1
for the Stokes problem. Usual parameters.
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Figure 13: D2Q9 sheme for linear NavierStokes in a irle. Eigenmode n = 5, ℓ = 1
for the Stokes problem. Quarti parameters.
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Figure 14: D2Q9 sheme for linear NavierStokes in a irle. Eigenmode n = 5, ℓ = 1
for the Stokes problem. Zoom of the gures 12 and 13.
nontrivial family of solutions given aording to
(68)


energy σ4 =
1
s4
− 1
2
s4 = ad libitum
stress tensor σ5 = 1/
√
12 s5 = 3−
√
3
energy ux σ10 = 1/
√
3 s10 = 4
√
3− 6
square of energy σ13 =
1
s13
− 1
2
s13 = ad libitum
other moments of kineti energy σ14 = 1/
√
12 s14 = 3−
√
3
third-order antisymmetri σ16 = 1/
√
3 s16 = 4
√
3− 6 .
Note these results are inompatible with BGK hypothesis (all σ equal) but are ompatible
with the two relaxation times hypothesis whih enfores equality of even moments σ4 =
σ5 = σ13 = σ14, and of odd moments: σ10 = σ16. We remark that the relaxation rate
for energy (linked to the bulk visosity) is not onstrained. Note that the shear visosity
ν takes the value 1/
√
108 as in (66). As for D2Q9 there is no deoupling at order 3
of shear and aousti modes, and thus, at least at the present stage, we make no laim
onerning possible improvements for the aousti modes. We will study this question in
a forthoming ontribution.
• We have performed the same kind of numerial analysis as for the two-dimensional
D2Q9 ase and nd quite similar results. We illustrate our results rst with a one point
experiment. We introdue numerial wave vetors k lose to zero and ompute the
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Figure 15: D3Q19 for one point experiment and various diretions of the wave vetor.
eigenmodes numerially. The shear mode is lose to
λ2
3
σ5 | k |2 and we plot in Figure 15
the experimental error. With ordinary oeients, the error is of order 4, whereas with
the so-alled quarti oeients, the error is of order 6 and the relative error of order 4.
• We also illustrate our results for the problem of Stokes modes in a sphere whih has
an analytial solution in terms of Bessel funtions. The Stokes problem searhes for a
veloity eld u(r, t) with u = 0 on the surfae of a sphere of radius R. An analysis similar
to that for the Stokes problem in a irle, leads to an eigenvalue problem, with solutions
Γ = ν
(
ζnℓ+1/2
R
)2
, ℓ ≥ 1 ,
analogous to (59), with ζnℓ+1/2 equal to the n
th
zero of the semi-integer Bessel funtion
Jℓ+1/2 as dened in Abramowitz and Stegun [1℄. Using the Arnoldi tehnique, we an
determine a few eigenvalues and verify that they are lose to the theoretial formula. We
present Figures 16 and 17 an example of a typial result obtained with this framework.
We nd that these eigenvalues have the expeted degeneray 2ℓ + 1. Note however that,
the omputations being made for a rather small radius R, there are small splittings of the
degenerate eigenvalues due to the fat that lattie Boltzmann omputations have ubi
symmetry.
• For a more detailed analysis, we take advantage of the symmetry of the Stokes problem
and therefore perform omputations on an eighth of the sphere, taking proper aount
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Figure 16: D3Q19 for linear NavierStokes in a sphere. Eigenmode n = 3, ℓ = 1 for
Stokes problem with Dirihlet boundary onditions. Tangential veloity vetor eld for a
plane through the enter of the sphere.
Figure 17: D3Q19 for linear NavierStokes in a sphere. Eigenmode n = 3, ℓ = 1 for Stokes
problem with Dirihlet boundary onditions. Tangent vetor eld for a plane orthogonal
to vetor (1, 1, 1).
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Figure 18: D3Q19 for linear NavierStokes in a sphere. First eigenmodes for stationary
Stokes problem with Dirihlet boundary onditions.
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of the symmetry with respet to the planes perpendiular to the oordinates x, y, z ,
through the enter of the ube (symmetry or anti-symmetry). Using four dierent om-
binations of symmetries on the planes, we an determine all the eigenvalues, the other
ombinations leading to the same eigenvalues with only a permutation in the oordinates
for the eigenmodes. Note that due to the rather high omplexity of the Arnoldi prodeure,
this allows a redution in omputer time of two orders of magnitude.
• We present in Figure 18 the eet of boundary onditions for a number of values of
the radius from 29 to 30. We give in Figure 19 some details for R between 19 and 20 for
the m = 1, n = 6 mode. There are two sets of data, one for usual s-parameters
s4 = 1.3 , s5 = 1.25 , s10 = 1.2 , s13 = 1.4 , s14 = 1.25 , s16 = 1.3
and one for the quarti s-parameters given preedingly in (68) with
s4 = 1.3 , s13 = 1.4 .
Similar work has been done for a ube. The results are published in Lerihe et al in [34℄.
5 Conlusion
• The expansion of equivalent equations that are satised by the mean quantities de-
termined by the lattie Boltzmann method has been desribed in this ontribution and
expliit formulae given for a few models up to order four in spae derivatives. Extending
either to more ompliated models or to higher order derivatives is very simple and does
not imply new oneptual developments, in partiular areful treatment of non ommut-
ing terms that appear in the Chapman-Enskog proedure. The developments imply only
simple algebrai manipulations that an be performed by a formal language program,
as used here. Note that these developments have a rather high omplexity as seen by the
fat that eah order takes roughly ten times as muh omputer time as the preeding one.
• With the Taylor expansion method, we an obtain expliit formulae whih, then,
unable us to tune some parameters of the lattie Boltzmann sheme initially proposed
by d'Humières in order to apture, up to fourth-order auray, shear waves. Of ourse,
this extra-preision obtained with a lassial sheme is possible only if the visosity is
essentially xed and the expansion done around zero veloity. Even though very few
situations were studied here, it an be said that tuning the auray of the internal
ode independently from the method to take are of boundary onditions allows us
to get useful information onerning these two soures of errors in lattie Boltzmann
simulations. Future extension of this work will be to try and disriminate between some
of the numerous proposed ways to deal with boundaries to be able to estimate their
ontributions to errors in omparison to those due to the internal ode.
Towards higher order lattie Boltzmann shemes 33
Appendix A. Taylor expansion method
• We start from relation (15) for iteration of the lattie Boltzmann sheme and take
the momentum of order k. Then
mk(x, t+∆t) =
J∑
ℓ=0
Mkℓ f
∗
ℓ (x− vℓ∆t, t)
=
J∑
ℓ=0
J∑
p=0
MkℓM
−1
ℓp m
∗
p(x− vℓ∆t, t) due to (14)
=
J∑
ℓ=0
J∑
p=0
J∑
r=0
MkℓM
−1
ℓp Ψprmr(x− vℓ∆t, t)
due to (19). We have
(69) mk(x, t +∆t) =
J∑
ℓ=0
J∑
p=0
J∑
r=0
MkℓM
−1
ℓp Ψprmr(x− vℓ∆t, t) , 0 ≤ k ≤ J .
We expand now momentum mr(x− vℓ∆t, t) with a Taylor formula of innite length:
(70) mr(x− vℓ∆t, t) =
+∞∑
q=0
(∆t)q
q !
(
−
d∑
α=1
Mαℓ ∂α
)q
mr(x, t) .
Then due to (69), (70) and (22), we have
(71) mk(x, t+∆t) =
∑
γ
J∑
ℓ=0
J∑
p=0
J∑
r=0
MkℓM
−1
ℓp Ψpr
∆t|γ|
|γ |! Pℓγ ∂γmr , 0 ≤ k ≤ J .
We an also expand the left hand side of (71) and we have nally
(72)
∞∑
q=0
∆tq
q!
∂qtmk =
∑
γ
J∑
ℓ=0
J∑
p=0
J∑
r=0
MkℓM
−1
ℓp Ψpr
∆t|γ|
|γ |! Pℓγ ∂γmr , 0 ≤ k ≤ J .
• We onsider relation (72) at order zero relative to time step for a onserved omponent
of momentum (id est 0 ≤ k ≡ i ≤ N−1). The left hand side of (72) is equal to mi+O(∆t)
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and we have
Wi +O(∆t) =
J∑
ℓ=0
J∑
p=0
J∑
r=0
Miℓ M
−1
ℓp Ψprmr +O(∆t)
=
J∑
p=0
J∑
r=0
δipΨprmr +O(∆t)
=
J∑
r=0
Ψirmr +O(∆t) with 0 ≤ i ≤ N
=
J∑
r=0
δir mr +O(∆t) due to (20)
= mi +O(∆t)
and no information is ontained at this rst step. Consider now the same development
for k ≥ N . We pass over some repeated summations:
mk + O(∆t) = Mkℓ M
−1
ℓp Ψprmr +O(∆t)
=
N−1∑
j=0
Mkℓ M
−1
ℓp Ψpj mj +
∑
r≥N
MkℓM
−1
ℓp Ψprmr +O(∆t)
=
N−1∑
j=0
δkpΨpj Wj +
∑
r≥N
MkℓM
−1
ℓp δpr (1− sr)mr +O(∆t)
due to (19) and (20)
=
N−1∑
j=0
Ψkj Wj + MkℓM
−1
ℓp (1− sp)mp +O(∆t)
= δkp (1− sp)mp +
N−1∑
j=0
Ψkj Wj +O(∆t)
= (1− sk)mk +
N−1∑
j=0
Ψkj Wj +O(∆t) .
We dedue from the previous alulation the relation (23) with the expression (24) of the
oeients B0kj . Then we an go now one step further.
• At rst order, relation (72) beomes
(73) mk + ∆t
∂mk
∂t
+ O(∆t2) = m∗k − ∆t
d∑
α=1
MkℓM
−1
ℓp ΨprMαℓ ∂αmr + O(∆t
2) .
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For onserved variables (5) (id est 0 ≤ k ≡ i ≤ N − 1), we have after dividing by ∆t,
∂Wi
∂t
+ O(∆t) = −
d∑
α=1
MiℓM
−1
ℓp ΨprMαℓ ∂αmr + O(∆t)
= −
d∑
α=1
ΛpαiΨpr ∂αmr + O(∆t) due to (18)
=
d∑
α=1
Λpαi
(∑
j<N
Ψpj ∂αWj +
∑
ℓ≥N
Ψpℓ ∂αmℓ
)
+ O(∆t)
=
d∑
α=1
Λpαi
∑
j<N
(
Ψpj ∂αWj +
∑
ℓ≥N
Ψpℓ ∂α
( 1
sℓ
Ψℓj Wj
))
+ O(∆t)
=
N−1∑
j=0
d∑
α=1
J∑
p=0
Λpαi
(
Ψpj +
∑
ℓ≥N
Ψpℓ
1
sℓ
Ψℓj
)
∂αWj + O(∆t) .
For an index γ between 1 and d, we dene Aγij aording to the relation (26) and the
previous alulation an be written as a onservation law at rst-order
(74)
∂Wi
∂t
+
∑
|γ|=1
Aγij ∂γWj = O(∆t) , 0 ≤ i ≤ N − 1 .
• We start again from relation (73) with nononservative indies k (k ≥ N):
mk = −∆t ∂mk
∂t
+ (1−sk)mk +
N−1∑
j=0
Ψkj Wj −∆t
d∑
α=1
MkℓM
−1
ℓp ΨprMαℓ ∂αmr +O(∆t
2) .
Then due to (23),
mk =
1
sk
(
Ψkj Wj −∆t 1
sk
Ψki
∂Wi
∂t
−∆tΛpαk Ψpr ∂α
( 1
sr
Ψrj Wj
))
+ O(∆t2)
=
1
sk
(
Ψkj Wj +
∆t
sk
Ψki
∑
|γ|=1
Aγij ∂γWj −
∆t
sr
Λpγk Ψpr Ψrj ∂γWj
)
+ O(∆t2) .
We introdue Bγkj for |γ |= 1 aording to (28) and due to previous alulation, relation
(23) an be extended as
(75) mk =
∑
0≤|γ|≤1
∆t|γ| Bγkj ∂γWj + O(∆t
2) .
• We generalize the relations (74) and (75) at the order σ through a reurrene hy-
pothesis (29) (30). In order to treat the left-hand side of relation (72), we observe that
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we have
∂2tWi = −
∑
1≤|γ|≤σ
∆t|γ|−1Aγij ∂γ
(
∂tWj
)
+ O(∆tσ)
=
∑
1≤|δ|≤σ
∆t|δ|−1Aδiℓ ∂δ
( ∑
1≤|ε|≤σ
∆t|ε|−1Aεℓj ∂εWj
)
+ O(∆tσ)
and if we introdue C1,γij aording to (31) and
C2,γij ≡ −
∑
|δ|≥1, |ε|≥1, δ+ε=γ
Aδiℓ A
ε
ℓj , 2 ≤|γ |≤ σ + 1 ,
we have for the seond time derivative a relation quite analogous to (29):
∂2tWi +
∑
2≤|γ|≤σ+1
∆t|γ|−2 C2,γij ∂γWj = O(∆t
σ) , 0 ≤ i ≤ N − 1 .
This relation an be generalized at an arbitrary order aording to
(76) ∂qtWi +
∑
q≤|γ|≤σ+q−1
∆t|γ|−q Cq,γij ∂γWj = O(∆t
σ) , 0 ≤ i ≤ N − 1 .
If relation (76) is true at order q, we have by dierentiation with respet to time,
∂q+1t Wi = −
∑
q≤|γ|≤σ+q−1
∆t|γ|−q Cq,γij ∂γ
(
∂tWj
)
+ O(∆tσ)
=
∑
q≤|δ|≤σ+q−1
∆t|δ|−q Cq,δiℓ ∂δ
( ∑
1≤|ε|≤σ
∆t|ε|−1Aεℓj ∂εWj
)
+ O(∆tσ)
≡
∑
q+1≤|γ|≤σ+q
∆t|γ|−q−1 Cq+1,γij ∂γ
(
∂tWj
)
+ O(∆tσ)
and relation (76) is satised at the order q + 1 with Cq+1,γij given by the reurrene
relation (32). In an analogous way, we have
(77) ∂qtmk =
∑
q≤|γ|≤σ+q
∆t|γ|−q Dq,γkj ∂γWj + O(∆t
σ+1) , k ≥ N ,
with D0,γkj dened aording to (34). If the relation (77) is satised at order q, we have
by dierentiation relative to time,
∂q+1t mk =
∑
q≤|γ|≤σ+q
∆t|γ|−q Dq,γkj ∂γ
(
∂tWj
)
+ O(∆tσ+1)
= −
∑
q≤|δ|≤σ+q
∆t|δ|−q Dq,δkℓ ∂δ
( ∑
1≤|ε|≤σ
∆t|ε|−1Aεℓj ∂εWj
)
+ O(∆tσ+1)
≡
∑
q+1≤|γ|≤σ+q+1
∆t|γ|−(q+1) Dq+1,γkj ∂γWj + O(∆t
σ+1)
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with oeients Dq+1,γkj determined aording to the relation (35). We observe that for
the partiular value |γ |= σ + 1 the oeient Dq+1,γkj is well dened for 0 ≤ q ≤ σ . In
other words, the oeient Dq,γkj is well dened for 1 ≤ q ≤ |γ | .
• We verify now by indution that the reurrene relations (29) and (30) are satised.
It is the ase at order 1 as we have shown in (74) and (75). We rst onsider a label i
suh that 0 ≤ i ≤ N − 1. Then aording to (72), we have at the order σ + 2 :

Wi + ∆t
∂Wi
∂t
+
σ+1∑
q=2
∆tq
q!
∂qtWi + O(∆t
σ+2) =
Wi + MiℓM
−1
ℓp Ψpr
∑
1≤|δ|≤σ+1
∆t|δ|
| δ |! Pℓδ ∂δ
( ∑
0≤|ε|≤σ
∆t|ε|Bεrj ∂εWj
)
+O(∆tσ+2) .
We use relation (76) for the left hand side of previous relation. We get after dividing by
∆t 

∂Wi
∂t
−
σ+1∑
q=2
∆tq−1
q !
∑
q≤|γ|≤σ+q−1
∆t|γ|−q Cq,γij ∂γWj + O(∆t
σ+1) =
∑
1≤|δ|≤σ+1, 0≤|ε|≤σ
MiℓM
−1
ℓp Ψpr Pℓδ
∆t|δ|+|ε|−1
|δ | ! B
ε
rj ∂δ+εWj + O(∆t
σ+1) .
and the relation (29) is extended one step further with a oeient Aγij dened for
|γ |= q+1 by the reurrene relation (33). For the nononserved moments (k ≥ N), the
relation (72) an be written at the order σ + 2 as

mk +
σ+1∑
q=1
∆tq
q !
∂qtmk + O(∆t
σ+2) =
(1− sk)mk +
∑
1≤|δ|≤σ+1
MkℓM
−1
ℓp Ψpr
∆t|δ|
|δ |! Pℓδ ∂δ
( ∑
0≤|ε|≤σ
∆t|ε| Bεrj ∂εWj
)
+ O(∆tσ+2) .
We use the relation (77) and we dedue:

skmk = −
σ+1∑
q=1
∆tq
q !
∑
q≤|γ|≤σ+q
∆t|γ|−q Dq,γkj ∂γWj
+
∑
1≤|δ|≤σ+1, 0≤|ε|≤σ
∆t|δ|+|ε|
|δ |! MkℓM
−1
ℓp Ψpr Pℓδ B
ε
rj ∂δ+εWj + O(∆t
σ+2) .
We set, with |γ |= σ + 1 , k ≥ N , 0 ≤ j ≤ N − 1,
Bγkj =
1
sk
(
−
∑
1≤q≤σ+1
1
q !
Dq,γkj +
∑
1≤|δ|≤σ+1, 0≤|ε|≤σ, δ+ε=γ
1
|δ |!MkℓM
−1
ℓp Ψpr Pℓδ B
ε
rj
)
and the relation (36) is established by indution. 
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Appendix B.
Notations for lassial lattie Boltzmann shemes
In order to dene preisely our results, the numbering of degrees of freedom must be
dened and we make this point preise in this Appendix with the help of usual graphis.
The hoie of moments, id est the M matrix (relation (4)) is also made expliit.
x + ∆x      xx      x− ∆
1 20
Figure 20: Stenil for the D1Q3 lattie Boltzmann sheme
• D1Q3 for advetive thermis
Reall rst that the D1Q3 lattie Boltzmann sheme (J = 2 in relation (4)) uses three
neighbours for a given node x: the vertex x itself and the rst neighbours loated at ±∆x
from x (see Figure 20). We introdue λ as in (17) and adopt a labelling for matrix M of
relation (4) as in Figure 20:
(78) M =

 1 1 1−λ 0 λ
λ2/2 0 λ2/2

 .
• D2Q5 for lassial thermis
We have now four (J = 4) nontrivial possible diretions for propagation of partiles
(Figure 21, left). We adopt for the M matrix of relation (4) the following hoie:
(79) M =


1 1 1 1 1
0 λ 0 −λ 0
0 0 λ 0 −λ
−4 1 1 1 1
0 1 −1 1 −1

 .
• D2Q9 for lassial thermis
The lattie Boltzmann model D2Q9 is obtained from the D2Q5 model by adding four
veloities along the diagonals (Figure 21, right). The evaluation of matrix M is entirely
nontrivial. We refer the reader to [30℄, and the reader an also onsult our introdution
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Figure 21: Stenils for D2Q5 and D2Q9 lattie Boltzmann shemes
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Figure 22: Stenils for D3Q7 and D3Q19 lattie Boltzmann shemes
[14℄. We have:
(80) M =


1 1 1 1 1 1 1 1 1
0 λ 0 −λ 0 λ −λ −λ λ
0 0 λ 0 −λ λ λ −λ −λ
−4 −1 −1 −1 −1 2 2 2 2
4 −2 −2 −2 −2 1 1 1 1
0 −2 0 2 0 1 −1 −1 1
0 0 −2 0 2 1 1 −1 −1
0 1 −1 1 −1 0 0 0 0
0 0 0 0 0 1 −1 1 −1


.
• D3Q7 for pure thermis
For three-dimensional thermis, one only needs a seven point sheme and an use the
so-alled D3Q7 lattie Boltzmann sheme whose stenil is desribed in the left part of
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Figure 22. The matrix is not very diult to onstrut. We follow [31℄:
(81) M =


1 1 1 1 1 1 1
0 λ 0 0 −λ 0 0
0 0 λ 0 0 −λ 0
0 0 0 λ 0 0 −λ
0 −1 −1 2 −1 −1 2
0 1 −1 0 1 −1 0
−6 1 1 1 1 1 1


.
• D3Q19 for linearized NavierStokes
The D3Q19 Lattie Boltzmann sheme is desribed with details e.g. in J. Tölke et al [46℄
and the stenil is presented in Figure 22 (right). The matrix M that parameterizes the
transformation (4) looks like this:
M =


1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
0 λ 0 0 −λ 0 0 λ λ −λ −λ 0 0 0 0 λ λ −λ −λ
0 0 λ 0 0 −λ 0 λ −λ λ −λ λ −λ λ −λ 0 0 0 0
0 0 0 λ 0 0 −λ 0 0 0 0 λ λ −λ −λ λ −λ λ −λ
−30λ2 −11λ2 −11λ2 −11λ2 −11λ2 −11λ2 −11λ2 8λ2 8λ2 8λ2 8λ2 8λ2 8λ2 8λ2 8λ2 8λ2 8λ2 8λ2 8λ2
0 2λ2 −λ2 −λ2 2λ2 −λ2 −λ2 λ2 λ2 λ2 λ2 −2λ2 −2λ2 −2λ2 −2λ2 λ2 λ2 λ2 λ2
0 0 λ2 −λ2 0 λ2 −λ2 λ2 λ2 λ2 λ2 0 0 0 0 λ2 λ2 λ2 λ2
0 0 0 0 0 0 0 λ2 −λ2 −λ2 λ2 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 λ2 −λ2 −λ2 λ2 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 λ2 −λ2 −λ2 λ2
0 −4λ3 0 0 4λ3 0 0 λ3 λ3 −λ3 −λ3 0 0 0 0 λ3 λ3 −λ3 −λ3
0 0 −4λ3 0 0 4λ3 0 λ3 −λ3 λ3 −λ3 λ3 −λ3 λ3 −λ3 0 0 0 0
0 0 0 −4λ3 0 0 4λ3 0 0 0 0 λ3 λ3 −λ3 −λ3 λ3 −λ3 λ3 −λ3
12λ4 −4λ4 −4λ4 −4λ4 −4λ4 −4λ4 −4λ4 λ4 λ4 λ4 λ4 λ4 λ4 λ4 λ4 λ4 λ4 λ4 λ4
0 −4λ4 2λ4 2λ4 −4λ4 2λ4 2λ4 λ4 λ4 λ4 λ4 −2λ4 −2λ4 −2λ4 −2λ4 λ4 λ4 λ4 λ4
0 0 −2λ4 2λ4 0 −2λ4 2λ4 λ4 λ4 λ4 λ4 0 0 0 0 −λ4 −λ4 −λ4 −λ4
0 0 0 0 0 0 0 λ3 λ3 −λ3 −λ3 0 0 0 0 −λ3 −λ3 λ3 λ3
0 0 0 0 0 0 0 −λ3 λ3 −λ3 λ3 λ3 −λ3 λ3 −λ3 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 −λ3 −λ3 λ3 λ3 λ3 −λ3 λ3 −λ3


.
Due to the important number of moments, we detail in this sub-setion the way the
previous matrix is obtained. First, veloities vαj for 0 ≤ j ≤ J ≡ 18 and 1 ≤ α ≤ 3 are
naturally assoiated with Figure 22. The four rst moments ρ and qα are determined
aording to (6) and (7) and the assoiated elements for matrix M are given in (8)
and (9). The onstrution of other moments uses the tensorial nature of the variety of
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moments that an be onstruted, as analyzed by Rubinstein and Luo [41℄: salar elds
are naturally oupled with one another and similarly for vetor elds, and so on. So
omponents of kineti energy are introdued:
(82) M˜4j = 19
∑
α
| vαj |2 , 0 ≤ j ≤ J .
The entire set of seond-order tensors is ompleted aording to
(83)


M˜5j = 2 (v
1
j )
2 − (v2j )2 − (v3j )2
M˜6j = (v
2
j )
2 − (v3j )2
M˜7j = v
1
j v
2
j , M˜8j = v
2
j v
3
j , M˜9j = v
3
j v
1
j , 0 ≤ j ≤ J .
The three omponents of heat ux are dened by
(84)


M˜10 j = 5 v
1
j
∑
α
| vαj |2 , M˜11 j = 5 v2j
∑
α
| vαj |2 , M˜12 j = 5 v3j
∑
α
| vαj |2 ,
0 ≤ j ≤ J .
We nally obtain the moments of higher degree: the square of the kineti energy
(85) M˜13 j =
21
2
(∑
α
| vαj |2
)2
, 0 ≤ j ≤ J ,
seond-order moments weighted by kineti energy:
(86)


M˜14 j = 3
(
2 (v1j )
2 − (v2j )2 − (v3j )2
) ∑
α
| vαj |2
M˜15 j = 3
(
(v2j )
2 − (v3j )2
) ∑
α
| vαj |2 , 0 ≤ j ≤ J ,
and third-order anti-symmetri moments:
(87)


M˜16 j = v
1
j
(
(v2j )
2 − (v3j )2
)
M˜17 j = v
2
j
(
(v3j )
2 − (v1j )2
)
M˜18 j = v
3
j
(
(v1j )
2 − (v2j )2
)
, 0 ≤ j ≤ J .
Then matrix M is orthogonalized from relations (8), (9), (82), (83), (84), (85), (86) and
(87) with a Gram-Shmidt lassial algorithm:
Mij = M˜ij −
∑
ℓ<i
giℓMℓj , i ≥ 4 .
The oeients giℓ are omputed reursively in order to fore orthogonality:
J∑
j=0
Mij Mkj = 0 for i 6= k .
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Appendix C. Quarti parameters in three dimensions
• We use the equivalent equations of lattie Boltzmann sheme D3Q19 obtained pre-
viously in the following way. We onsider the vetor of onserved variables (5): W ≡
(ρ, qx, qy, qz)
t. We write the equivalent partial dierential equations under the ombined
form:
(88) ∂tWk +
∑
j, p, q, r
Ajkpqr ∂
p
x∂
q
y∂
r
yWj = O(∆t
4) .
We searh dissipative mode solution of (88) under the form W (t) = e−Γt+ i(kx x+ky y+kz z) W˜ .
Then Γ is an eigenvalue of the matrix A dened by
Ajk =
∑
p, q, r
Ajkpq (i kx)
p (i ky)
q (i kz)
r .
• We wish to solve this dispersion equation with a high order of auray, id est in our
present ase:
(89) ∆ ≡ det [A − Γ Id] = O(∆t7) .
We impose also that this eigenvalue is double as lassial for shear waves in three dimen-
sions [32℄:
d
dΓ
(det [A − Γ Id]) ≈ 0 . The rst nontrivial term in powers of ∆t for this
derivative of the determinant is the term of order 3. Then we fore
(90)
d
dΓ
(det [A − Γ Id]) = O(∆t4) .
For Stokes problem (inompressible shear modes) and D3Q19 lattie Boltzmann d'Humières
sheme, we have [38℄:
(91) Γ ≡ ν | k |2 = λ
2
3
∆t σ5
(
k2x + k
2
y + k
2
z
)
.
• We solve the set (89) (90) (91) of equations for all values of the time step ∆t . We
obtain in this way a set of eight algebrai equations:

2 σ5 σ10 − 4 σ25 + 6 σ5 σ16 = 1
80 σ45 − 32 σ35 σ10 + 24 σ25 σ10 σ16 + 12 σ14 σ16 σ25 − 8 σ25 − 4 σ25 σ210
+12 σ25 σ
2
16 − 12 σ25 σ14 σ10 − 12 σ5 σ16 σ14 σ10 + 6 σ5 σ14 σ210
−8 σ5 σ16 + 6 σ5 σ216 σ14 − σ14 σ16 + σ14 σ10 + 1 = 0
−48 σ55 σ10 + 44 σ45 σ210 + 2000 σ55 σ16 + 95 σ25 − 16 σ45 σ14 σ10
+292 σ14 σ16 σ
2
5 + 68 σ
2
5 σ14 σ10 − 272 σ45 σ16 σ14 − 1032 σ35 σ216 σ14
+56 σ35 σ14 σ
2
10 − 320 σ65 − 1048 σ45 σ10 σ16 + σ214 + 60 σ25 σ216 σ214 − 16 σ5 σ16 σ214
+72 σ25 σ
2
14 σ10 σ16 − 8 σ5 σ214 σ10 + 24 σ35 σ14 + 12 σ25 σ214 σ210 − 248 σ45
−464 σ35 σ16 σ14 σ10 + 148 σ35 σ10 − 1284 σ16 σ35 + 4284 σ216 σ45 − 20 σ5 σ14 = 0
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

(− 1 + 2 σ5 σ10 − 4 σ25 + 6 σ5 σ16) (2 σ5 σ10 + 2 σ14 σ10
−2 σ25 − 10 σ5 σ16 − 2 σ14 σ16 + 3
)
= 0
96 σ55 σ10 + 24 σ
4
5 σ
2
10 − 1920 σ55 σ16 + 98 σ25 + 24 σ45 σ14 σ10 + 350 σ14 σ16 σ25
+34 σ25 σ14 σ10 + 264 σ
4
5 σ16 σ14 − 1524 σ35 σ216 σ14 + 12 σ35 σ14 σ210
+240 σ65 − 576 σ45 σ10 σ16 + σ214 + 102 σ25 σ216 σ214 − 20 σ5 σ16 σ214 + 36 σ25 σ214 σ10 σ16
−4 σ5 σ214 σ10 − 24 σ35 σ14 + 6 σ25 σ214 σ210 + 240 σ45 − 216 σ35 σ16 σ14 σ10 + 72 σ35 σ10
−1488 σ16 σ35 + 5688 σ216 σ45 − 20 σ5 σ14 = 0
−σ5 + 6 σ16 σ25 + 2 σ25 σ10 − 4 σ35 = 0
2 σ25 σ10 − 2 σ16 σ25 + σ5 − σ5 σ16 σ14 + σ5 σ14 σ10 − 12 σ35 = 0
10 σ5 σ16 σ14 + 2 σ5 σ14 σ10 + 11 σ5 − σ14 + 8 σ35 − 82 σ16 σ25 + 6 σ25 σ10 = 0 .
These equations have only one nontrivial family of solutions given by (68).
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